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Abstract. We give a version of geometric motivic integration that specializes to p-adic integration via 
point counting. This has been done before for stable sets, cf. [LS03| : we extend this to more general 
sets. The main problem in doing this is that it requires to take limits, hence the measure will have to 
take values in a completion of Ko(Varfe)[L~^]. The standard choice is to complete with respect to the 
dimension filtration; however, since the point counting homomorphism is not continuous with respect 
to this topology we have to use a stronger one. The first part of the paper is devoted to defining this 
topology; in the second part we will then see that many of the standard constructions of geometric 
motivic integration work also in this setting. 



1. Introduction 

There is a standard theory of geometric motivic integration, developed in [DL 99] and f DL02j . and in 
|Seb04) for the case of mixed characteristic. In the present paper we give a version of that theory, vahd 
over any complete discrete valuation ring, and with the property that it specializes to the Haar measure 
on Zp in the case when we work over A|^. The theory develops along the same Hues as the standard 
theory of geometric motivic integration. The main difference is that the geometric motivic measure takes 
values in M.k, i-e., Mk '■— Ko(Varfc)[L^^] completed with respect to the dimension filtration; we instead 
complete Mk with respect to a stronger topology. The reason for this is that in the case when k is finite 
we want the point counting homomorphism to be continuous. 

Let us quickly outline the theory: Let A:" be a variety defined over a complete discrete valuation ring, 
whose residue field is k. As in all theories of geometric motivic integration, we begin by constructing the 
space of arcs on X , denoted Xoo. There is a Boolean algebra of stable subsets of Xoo- On this algebra one 
may define a measure, taking values m Aik, that specializes to the p-adic measure via point counting. 
This was done in |LSQ3) . Next we construct a Boolean algebra of measurable subsets of X^o^ and a 
measure ^ix on this algebra. The measure of a general measurable set is defined by covering it by stable 
sets and using a limiting process, also in the standard way. Since one needs to take limits to define the 
measure, it has to take values in a completion of M.k- The standard choice is to use A^fc, the completion 
with respect to the dimension filtration. Since the point counting homomorphism is not continuous with 
respect to this filtration we have to use a stronger topology. 

The construction of this topology is based on a previous construction, by Ekedahl |Eke07| . of a topology 
on Mk with the property that, in case k is finite, taking the trace of Frobenius on the /-adic cohomology is 
continuous. By the Lefschetz trace formula, this topology then has the property we want, that the point 
counting homomorphism is continuous. However, this topology is probably too strong for our purposes, 
in that we are not able to make the definitions of geometric motivic integration work. We therefore have 
to modify it sHghtly, and in order to do this we introduce a partial ordering of Mk- We use Ko(Varfc) to 
denote the completion of Mk with respect to the resulting topology. This topology is fine enough for, 
in case k is finite, the point counting homomorphism to be continuous, and still coarse enough for the 
standard definitions of geometric motivic integration to work. 

The case that we are particularly interested in is when the discrete valuation ring is Zp, and X is 
an affine space over Zp. Let W(Fp) be the Witt vectors with coefficients in an algebraic closure of 
Fp. Suppose that X = A|^. Then Xoo can be identified with W(Fp)''. Moreover, for every power 
of p, g, we have a homomorphism Cg : Ko(VarFj,) ^ R induced by counting F^-points on Fp-varieties. 
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The motivic measure has the property that it specialize to the (normaUzed) Haar measure, in the sense 
that for any measurable set A C Xoo — W(Fp)'' we have Cpfix{A) — ^Haar{A D Z^). More generally, 
Cq fixiA) = ^iHaariAnW {¥ qY) for any power q of p. (Recall that C W(Fp/) C W(Fp) is the integers 
in the unramified degree / extension of Qp.) 

The main reason for us to develop this theory is that we have some explicit p-adic integrals that we want 
to compute in a motivic setting, in order to give an explanation of their behavior. These computations 
are carried out in a forthcoming paper, |Rok08a| 

We now give an overview of the paper: In Section [2] we define the completion of Mk that we work 
in, Ko(Varfc). A crucial property of this topology is that if fc = Fp then the counting homomorphisms 
Cp/ : Ko(VarFp) ~+ R are continuous. 

In Section [3] we define the arc space and the motivic measure. The definitions given here are almost 
exactly the same as the ones used in the theory of geometric motivic integration, as presented for example 
in |Loo02j or the appendix of |DL02] . and in |Seb04j for the mixed characteristic case. 

It has to be remarked that this theory has some major shortcomings in its present state. Namely, 
when the variety has singularities, we are not able to prove that general cylinder sets are measurable (in 
particular, we are not able to prove that the arc space itself is measurable). That said, we are interested 
in utilizing the theory in the case when X = A^^ , and in this case, and more generally for any smooth 
variety, everything works well. 

Acknowledgment. The author is grateful to Professor Torsten Ekedahl for various suggestions and com- 
ments on the paper. 

2. Background material on different completions of Mk 

We use Mk to denote Ko(Vari^^)[L^^]. We use the standard definition of the dimension filtration of 
Mk, namely for m G Z define F"^ Mk to be the subgroup generated by [XJ/L*", where dimX — r < m. 
Define the dimension oi x G Mk to he the minimal m (possibly equal to —oo) such that x € F™ Mk- In 
the theory of geometric motivic integration one completes Mk with respect to this filtration to obtain 
Mk- However, we are working from an arithmetic point of view; we want to define a theory of motivic 
integration for which the value of a motivic integral can be specialized to the corresponding p-adic one. For 
this reason it is natural to demand, in case k is finite, that the counting homomorphism is continuous. 
That this is not the case in the topology coming from the dimension filtration can be seen from the 
following simple example: Let k = ¥q and consider the sequence a„ = ^"/L". We have Cg(a„) = 1 for 
every n. However, a„ — > as n — > oo, and Cq(0) — 0. Because of this we are forced to complete with 
respect to a stronger topology. This topology should have the property that its definition is independent 
of the base field, and that if the base field is finite then the counting homomorphism is continuous. 

Let us outline the contents of this section: In Subsection 12.11 we define a notion of weights on Mk- 
This definition is from |EkeQ7) . where the author uses it to construct a topology on Mk which has the 
property that we want, that the counting homomorphism is continuous. However, this topology is a 
bit to strong when we define the motivic measure, so we have to modify it slightly. For that we use a 
partial ordering of Mk, which we introduce in Subsection 12.21 Then finally in Subsection 12.31 we define 
our topology, which is stronger than the filtration topology, but weaker than the topology from |Eke07) . 
In Subsection 12.41 we then prove some lemmas on the convergence of sums, which will be needed in later 
sections. 

2.1. Weights on A^^. To define the topology we use a notion of weights of elements oi Mk, first given 
in |Eke07| . We also refer to |Eke07| for the proof that the following is well-defined. For X a separated k- 
scheme of finite type, we write Hc(X) for the etale cohomology with compact support, with Q/-coefficients, 
of the extension of X to a separable closure of fc. 

Definition 2.1. We define the notion of weights of elements in Mk- 

• For a scheme X of finite type over the base field fc, define for every integer n, Wn{X) := 
^^w„(H*(X)), where w„(H*(X)) is the dimension of the part o/Hj,(X) of weight n. 
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• For X £ Ko(Varfc), let w'^{x) be the minimum 0/ ^Jc^l w„(Xi), where J^i'^d-^i] runs over all 
representations of x as a linear combination of classes of schemes. 

• For X e Ko(Varfc), define Wn{x) liiiii^oo ^'n+2ii^^'')- 

• Finally, extend Wn to Mk by Wn{x/h^) :=Wn+2i{x). 

Example 2.2. H^(A^) is equal to 1), the cyclotomic representation, ifi = 2, and zero otherwise. 
From this one deduces that 



The weight has the properties that it is subadditive, w„(a;±?/) < w„(a:)+w„(?;), and submultiplicative, 

We next define the concept of uniform polynomial growth, introduced in |Eke07) . 

Definition 2.3. We say that a sequence of elements of Mk, ia.i)ieN, is of uniform polynomial growth 
if there exists constants I, C and D, independent of i and with the property that for every integer n, 
w„(ai) < C|n|' + D. 

One derives the following lemma from the facts that the the weight functions is subadditiv and sub- 
multiphcative. The details are in |Eke07| . 

Lemma 2.4. Being of uniform polynomial growth is closed under termwise addition, subtraction and 
multiplication: If (a^) and {hi) are of uniform polynomial growth, then so are {ai ± hi) and (aibi). 

2.2. The partial ordering of A4k- Before we can define our topology we also need a partial ordering 
on Mk. 

Definition 2.5. We introduce an ordering on Mk in the following way: First on Ko(Vari:) we define 
X < y if there exists varieties Vi such that x + J2[^i] ~ V- (Equivalently there exists a variety V such that 
X + [V] — y.) We extend it to Mk by x/L' < j//L^ if there exists an n such that xL^+" < yL*+". (We 
see that L^^ > 0.^ 

In particular, if x is a linear combination of varieties, with positive coefficients, then a; > 0. 

To work with this definition we need the following structure result about Mk- The first part follows 
from |Nic08) . Corollary 2.11. The second part is proved similarly, alternatively, a proof is given in 
|Rok08b) . Example 2.6. 

Lemma 2.6. Let n.i be non-negative integers and let Xi be k-varieties. Let x — ^^ni[Xi] £ Mk- If 
X — Q then Ui — Q for every i. And if x € F™ Mk, then [Xi] G F™ Mk for every i. 

Lemma 2.7. The ordering given above is a partial ordering of Mk- 

Proof. The only nontrivial thing to prove is antisymmetry. Suppose first that x < y and y < x, where 
x,y € Ko(Varfe). Then x = y + J2i[Ui] and y x + J^iiVi], giving together J2i[Vi\ +J2j[U]] = 0. Lemma 
12.61 now shows that [Vi] = [Ui] = for every i. 

If instead x/V < y/V and x/V > y/V in Mk then for some n, V+^'x < h'+"'y and V+'''x > L'+"?/ 
in Ko(Varfe). It follows from the first part that V+^'x = L*+"j/ G Ko(Varfe), hence that x/U = y/V G 



Given a variety X, every constructible subset of U C X can be written as a finite disjoint union of 
locally closed subsets, U — IJi^i- Since such a subset has a unique structure of a reduced subscheme 
we can take its class [Ui] G Ko(Varfe), hence the class of U is [U] — J2iWi] ^ Ko(Varfc). Also, ii V C U, 
then V = [J.j^Vi, where Vi is locally closed and Vi C Ui. Here Vi is closed in the subspace topology on Ui, 
hence [Ui] - [Vi] = [U^ \ Vi] > 0. Consequently, [U] - [V] = Y^iPi \ V] > 0, which we state as the first 
part of the following lemma. 




Mk. 



□ 



Lemma 2.8. // U and V are constructible subsets of a variety, such that V C U, then [V] < [U]. 
Moreover, ifV C Ur=i Ui then [V] < Er=i['^d- 
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Proof. For the second part, when n = 2 we have [V] < [Ui U U2] = [Ui] + [U2] - [Ui n U2] < [Ui] + [U2]. 
The general statement follows by induction on 71. □ 

Lemma 2.9. Letx,a,b^A4k- // a < x < 6 i/ien dimx < niax{dima, dim6}. 

Proof. There are varieties X and Y such that x — a + [X] and b ^ x + [Y]. This shows that b — a — 
[X] + [Y]. By Lemma 12.61 dim[X] < dim(6 — a). Hence dima; = dini(a + [X]) < maxjdima, dini[X]} < 
max{dima, dim(6 — a)} < max{dima,dim&}. □ 

2.3. The topology on Mk- We now define our topology on Mk, by specifying what it means for a 
sequence to converge. Since we work in a group it suffices to tell what it means for a sequence to converge 
to zero. 

Definition 2.10. Let {xi) be a sequence of elements in Aik- 

• We say that Xi is strongly convergent to if it is of uniform polynomial growth and dim Xi — > —00. 

• Xi converges to zero, Xi ^ 0, if there are sequences Ui and bi that converges to zero strongly, and 
such that ai < Xi < bi . 

• (xi) is Cauchy if Xi — Xj ^ when i,j 00. 

We define a topology on M-k by stipulating that a subset is closed if it contains all its limit points with 
respect to this notion of convergence. 

One proves that this is a topological ring. It then follows immeditly that if a sequence of elements in 
A^fe is convergent then it is Cauchy. Moreover, we have the property that if Xi < yi < Zi and if Xi and 
Zi tends to zero, then yi tends to zero, a fact that we will use without further notice. 

We compare this to the standard topology on A^^: 

Lemma 2.11. // a sequence is convergent (respectively Cauchy), then it is convergent (respectively 
Cauchy) with respect to the dimension filtration. In particular, our topology is stronger than the di- 
mension topology. 

Proof. Let the sequence be Xi be convergent to zero. There are sequences ai and bi strongly convergent 
to zero and such that ai < Xi < bi. By Lemma f2.91 dimxi < max{dimai,dim&i} and it follows that 
dimxi — > —00. □ 

In particular, if we know that a sequence Xn is convergent then x„ — > if and only if dimx„ ^ ~oo. 

We are now ready to give the completion that let the motivic integral specialize to the corresponding 
p-adic integral. We define Ko(Varfe), the completion of M.k, in the following way: Consider the set of 
Cauchy sequences in Aik- This is a ring under termwise addition and multiplication, which one proves 
using Lemma [2.41 Moreover it has a subset consisting of those sequences that converges to zero, and it 
is straight forward to prove that this subset is an ideal. We define Ko(Varfe) to be the quotient by this 
ideal. Moreover we have a completion map A4k —* Ko(Varfe) that takes x to the image of the constant 
sequence (x). We state this as a formal definition: 

Definition 2.12. Ko(VarA:) is the ring of Cauchy sequences modulo the ideal of those sequences that 
converges to zero. 

For any sequence (xi) of elements of A^fe which is Cauchy with respect to dimension, dima;^ is eventually 
constant, or it converges to —00. Also, given n, w„(xi) is eventually constant. If a; = (xi) G Ko(Varfe), 
define dima; and w„(a;) to be these constant values. These functions keep there basic properties, e.g., 
subadditivity for w„. We may then extend the concept of being of uniform polynomial growth to Ko(Varfe). 
Moreover, we let (xi) < (yi) if for some zq, Xi < yi for every i > io. We define the topology on Ko(Varfc) 
in the same way as on A^^, by saying that a sequence converges to zero if and only if it is bounded from 
above and below by sequences strongly convergent to zero. The following result justifies the fact that we 
refer to Ko(Varfe) as the completion of Mk- 

Lemma 2.13. The completion map A4k Ko(Varfe) is continuous and Ko(Varfe) is complete, in the 
sense that any Cauchy sequence converges. Moreover, the image of Mk is dense in Ko(Varfe) 
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Proof. We prove that for any x = {xj)j^-fi G Ko(Varfe) we have j:^ — > a: as z ^ oo. This will show that 
any Cauchy sequence of elements in converges and that A^fe is dense in Ko(Varfc). For this we have 
to prove that jji := Xi — x = {xi — Xj)j^fi ^ as « ^ oo. 

There are two sequences and bij which are strongly convergent to zero as i,j oo, and such that 
ttij < Xi — Xj < bij. Hence (aij)jgN < yi < (&ij)jgN- We prove that {aij)j tends strongly to zero as 
i oo: The dimension of {aij)j is dima^ jj^), where f{i) is some sufficiently large integer which we may 
and will assume is greater than i. Moreover, w„((ay)j) = w„(aj g(j)) for some g{i). Since is strongly 
convergent, dimajjfj-) — oo as « — > oo, and w„(ai < C|rt|' + D for every i. □ 

Let Mk be the completion of Mk with respect to the dimension filtration. We have an injective, 
continuous homomorphism Ko(Varfc) Mk so we may think of Ko(Varfc) as a subring of Mk, although 
its topology is stronger than the subspace topology. 

Example 2.14. By Example \2.2\ and subadditivity, w„(^^^jL^™) < 1 for every Furthermore 
dimL^™ — oo as m ~> oo. Together this shows that the sequence (X]m=o^ Cauchy, hence that 

the sum X^msN^ '■^ convergent in Ko(Varfc). In the same way one sees thatl,^™ converges (strongly) 
to zero, hence letting N tend to infinity in the equality (1 ~ ]L~^)(X]m=o ^ ™) = ^ — L^(^+^^ shows that 
SmGw'^ = 1/(1 — L^^) G Ko(Varfc). In particular, since also L is invertible, it follows that L — 1 is 
invertible. 

Similarly one proves that if {eijigN is a sequence of integers such that Ci oo, then X^ign^ '^* 
convergent. 

Remark 2.15. The main reason for us to use this completion is that it makes the point counting ho- 
momorphism well behaved. In |Eke07| the author uses an even stronger topology, using only sequences 

strongly convergent, to obtain Kq'° (Varfc). In Ko^° (Var^) the point counting homomorphism is contin- 
uous. However, the topology of Ko^° (Varfe) is little bit to strong for our purposes; it does not allow us 

to define the motivic measure (Definition \ 3.3]) . However, in Ko''° (Varj;) point counting can be made 
by computing the trace of Frobenius; the Euler characteristic is continuous, a property that we have to 
sacrifice in Ko(Varfc). For a more thorough discussion of this, see |Rok08bj . 

When k is finite, this topology makes the point counting homomorphism continuous: 

Definition-Lemma 2.16. For k = ¥q, define C^: Ko(Varfe) ^ Z by [X] t-^ \X{k)\. It is a ring 
homomorphism and it extends to a homomorphism Mk — * Q, continuous with respect to the above 
constructed topology. It hence extends by continuity to a continuous homomorphism C^: Ko(Varfc) R. 

Proof. In |Eke07) it is proved that Cq is continuous with respect to the topology of Ko^°' (Varfe), i.e., 
if a„ ^ strongly then Cq an 0. Now, if a:„ ^ then there are sequences a„ and 6„ such that 
In < Xn < bn and a„,5„ strongly. Since Cg a„ < CgX„ < Cq 6„ it follows that CqXn — > 0, 
consequently is continuous. □ 

2.4. Various lemmas on the convergence of series. We collect here some lemmas that will be needed 
when working with this definition. 

Lemma 2.17. Suppose that Xi < yi < Zi. IfJ2ief>i^i '^'^'^ SieN-^* ^'^^ convergent, then so is J^ieNVi- 
Moreover, 'E^eti^i ^ E»eN2/i ^ EieN^^- 

Proof We have J2"=m ^ J2'i=m Vi ^ E"=m and since ELm Xi ^ Q and X^Lm ^ as m, n ^ oo, 
it follows that X"=m 2/* bounded from above and below by sequences strongly convergent to zero, hence 
it converges to zero. So {J^iLoyi)^ Cauchy, the sum is convergent. The second assertion follows by 
definition, since it holds for each partial sum. □ 

Note that if Xi < yi < Zi it does not follow that yi is convergent when Xi and Zi are. 
Let Qi G Ko(Varfe). In general it is not true that J2^i convergent if and only if a,; — > 0, a property 
that holds for Mk- However, some of the consequences of this are true in a special case: 
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Lemma 2.18. If ai > for every i and ifj^i'^i '^^ convergent then every rearrangement of the sum is 
convergent, and to the same limit. 

Proof. If (6i)iGN is a rearrangement of (0.;).;^^ then, for some 7V„, the elements 60,..., 5„ are among 
ao, . . . , aAf„- Therefore X)i<Ar„(^4 ~ '^i) alternating sum of aj, with j > n. Since every > 0, this 

sum is between — J2jL,i+i ^^nd X^jin+i '^i f^'" some M. Since X^ieN Cauchy, both these sums tend 
to as n tends to 00. Hence X]ieN(^» ~ ^i) '-' 

For this reason, we will write ^^^j a-ij to mean the sum over some unspecified enumeration of W' . 

Lemma 2.19. Assume that all a.ij > 0. // the sum J^ijeN'^v convergent then the same holds for 
SiGwSjeN'^y ' ^'^^ ^'^0 sums are equal. 

Proof. For every i £ N, it follows from Lemma [2. 17} and the convergence of J2i jgn ^^^^ J2jeN 
convergent. We then have 

"'J' " Y "'J = HI] "'J 

_7>n z<n 

Now X]jeN(X]i=o ) convergent, because of Lemma [2 . 1 71 and since every rearrangement of J2i jen 
is. Hence lim„_,oo Ej>«(Ej<„ ) = (because if Y.^m = ^ then Y.i>n h^b~ Y.i<n 0). The 
result follows. □ 



Lemma 2.20. Suppose that Ui > 0, bi > 0. The sum J2neN '^i+j=n ^i^i '■^ convergent if and only if 

SisN '^i SieN '^s. In this case they are equal. 

Proof. 

\0<i<N / \0<i<N / a<n<N i+j=n I(N) 

where I{N) is a set of indices all of which i + j > N. Now, since every Oi and bi is > 0, it follows 

that < E/(Ar) < En>ArE»+j=r! a*^j for every N. Since EneN(Ei+j=n is Cauchy it follows 
that J2n>NJ2i+j=n ^ as TV ^ 00, hence J2i{n) □ 

Lemma 2.21. //a^ > 0, bi > 0, andif^^^^ai andj^i^^^i are convergent, thenj^i^n'^i^i is convergent 
and < E^eN a»E»eN ^t- 

Proof. Lemma [2.201 shows that ^neni^i+j^n^i^j) is convergent. Since a„6„ < J2i+j=2n^i^j^ 

< X^j_|_j=2n+i it hence follows from Lemma [2.171 that J2ieN^i^i is convergent, and less than or 

equal to E„eN(E»+j=„ a^^j)- ^ 

3. Definition of the motivic measure 

Before we start, let us remark that all the definitions in this section are the standard ones, used in 
the appendix of |DL02) . in |Loo02| and in |Seb04) . (There are some minor differences between these 
expositions; in these cases we have followed the path of |Loo02) . In particular, our arc spaces will be 
sets, rather than schemes or formal schemes.) However, since we use a stronger topology, the proofs that 
everything works is slightly different, even though they are based on the corresponding existing proofs. In 
the end of the section we also prove that we now have the property that we want, that we may specialize 
to p-adic integration via point counting. 

Given a complete discrete valuation ring, let D be its spectrum and k its residue field. Given a scheme 
X over D, of finite type and of pure relative dimension d, define Xn to be the nth Greenberg variety over 
k. In the mixed characteristic case, Xn is characterized by the property that if i? is a fc-algebra then 
Xn{R) — X (yVn{R)) , where W is the Witt vectors. In the equal characteristic case, Xn is characterized 
by the property that if i? is a /c-algebra then Xn{R) = X{R[T]/ {f^)) . Fix an algebraic closure k of 
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k and define Xqo to be the projective limit of the sets Xn{k). For k C K C k, define Xoo{K) to be 
lim Xn (K) C Xoo ■ We are going to define the measure of certain subsets of X^o ■ 

We say that a subset S C A'„ (k) is constructihle if there are a finite number of locally closed subschemes 
Vi C Xn such that S = [J^ Vi{k), where the Vi are mutually disjoint. 

If A C Xoo, then it is a cylinder if the following holds: For some n, 7r„(A) is constructihle in Xn{k), and 
defined over k, and A ~ 7r^^7r„(A). In this case there are subschemes Vi C Xn such that 7r„(A) — [j- Vi{k); 
we define [7r„(A)] ^JF,] £ Ko(Varfc). 

If, in addition, for all m > n, the projection 7rm+i(^) ^ T^miA) is a piecewise trivial fibration, with 
fiber an affine space of dimension d, then we say that A is a stable cylinder, or just that it is stable. 
(Every cylinder is stable in case X is smooth.) 

If A is stable we see that dim7r,„(yl) — md is independent of the choice of m > n, define the dimension 
of A to be this number. 

We also see that fix {A) := [7r„i(A)]L^""^ G Mk is independent of the choice of to > n. This is an 
additive measure on the set of stable subsets. We want to define a measure on a bigger collection of 
subsets of Xoo- We will use the standard construction, except that we let the measure take values in 
Ko(Varfc) instead of Mk.. So let fix{A), the measure of A, be the image of fixiA) in Ko(Varfc). Note that 
diui fixiA) — dim A. 

Example 3.1. The case that we are particularly interested in is when D = SpccZp (so k = ¥p) and 
X^A^^. Then 

A-oo = lim A^^ (W„(fc)) = WCfc)-^. 

We see that Xoo(k) = Z^. By the standard construction of the (normalized) Haar measure on we 
see that if A is stable then HHaariAC]!/^) — Gp{^x{A)) (ci. |LS03j . Lemma 4-6.2). Below we define 
a concept of measurability of subsets of Xao, for general X, in such a way that in the special case when 
X — A^^, if A C Xao is measurable then HHaariAoZip) — Cp{fix{A)). 

We sum up the above observations in the following lemma: 

Lemma 3.2. The set of stable subsets of Xoc form a Boolean ring on which ^x is additive. Moreover, 
if X = A^^ and A d Xao is stable, then ^iHaariACiZp) = Gp{fix{A)). 

We next extend the motivic measure to a bigger collection of subsets: We want to do this in a way 
similar to that of the ordinary Haar measure. The problem is that the standard construction involves 
taking sup or inf, which we cannot do in Ko(Var/j). We therefore use the same method as is used in 
|Loo02) . except that we use Ko(Varfe) instead of A^fe: 

Definition 3.3. The subset A C Xoo is measurable if the following holds: 

• For every positive integer to, there exists a stable subset Am C Xoo and a sequence of stable 
subsets (C™ C Xoo)'iZi, with Y.itJ'xi'^T') convergent, such that A A A^. C Ui^'r- 

• \imm^ooE^^^xiC^)=0■ 

The measure of A is then defined to be fJ.x{A) :— \im.m^oo IJ-x (Am). 

Remark 3.4. This definition works well when X is smooth, since in that case all cylinders are sta- 
ble. In the general case, it is probably better to first define the measure of an arbitrary cylinder A as 
lime^oo lJ'x{X^^ A) £ Ko(Varfe), where X^^ — X^o \ T^e^ {,{'^sing)e) , and then replace "stable sets" with 
"cylinders" in the definition of a measurable set. However, since we are not able to prove that this limit 
exists in general, we use the present definition, which in any case works for our purposes. 

To prove that this is well-defined we will use the following well known lemma (c/. Lemma 3.5.1 in 
[LSn3| l. 

Lemma 3.5. Let A C Xoo be stable. Then every countable covering of A with stable subsets Ci has a 
finite subcovering. 

Proposition 3.6. The notion of measureability of subsets of Xoo is well-defined. The measurable subsets 
form a Boolean ring on which ^x is additive. 
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Proof. We first prove that the limit exists. For this we have to prove that the sequence {^ixiAm))m=i 
is Cauchy. Since A,n and A^' are stable, fixiA^ AA„i') = fixiA^) - ^A-(^m') + 2fix{Am' \ A^). 
Moreover, ^A'(^m'\^m) > so it follows that //^'(^m) -A* a- (-4m') < ^ix{A,n ^ A^,). Next, AmAA„i' C 
Uj C™ U C™ . By Lemma 13.51 a finite number of the C™ U C™ suffices, hence the right hand side is 
stable so fix {Am ^ Am') < MA"(Ui^o^i" ^i" )■ From Lemma [TSl we then see that fix {Am A Am') < 
Eloif^x{Cn+f^ACr'))- Hence 

AT 

fiP, {Am) - fix {Am' ) < E ('^'^ (^r) + f^X {Cf)) ■ 
i=0 

Similarly, -Y^^^o{l^x{C^) + fix{C^')) < fJ.x{Am) - fix{Am')- Since, by assumption, Y.'^^o ^^x{C'j^) 
converges to zero as m tends to infinity, it follows that nx{Am) — fJ'x{Am') is bounded from above and 
below by sequences strongly convergent to zero. 

Next, suppose that A A Bm C IJi is another sequence that defines fix {A) . In the same way as above 

we see that for some iV, -^;io(Ai^(Cr)+Ai;tPr)) < ^^x{Am)-^ix{Bm) < Etoi^'x{C^)+^^x{DY')) , 
hence nx{Am) ~ l^x{Bm) ^ as m ^ oo. □ 

The following proposition is sometimes useful when proving that a set is measurable. 

Proposition 3.7. Let A — lJ,;eN^'' where the Ai are stable and the sum J2ieN ^''x{Ai) is convergent. 
Then A is measurable and fJ.x{A) — Ihnn^oc fJ-x{[Ji<^„ Ai) . If furthermore the Ai are pairwise disjoint, 
then fJ.x{A) = J2iefi f^x{A^). 

Proof We have AA[j^^^^Ai = Uj>n^*- Here J2i>nl^x{At) is convergent since Y^ifz^^ fJ-x{Ai) is, and 
it then follows that limn ^ oo J2i>n f^x{Ai) = \imn^oo{J2ieN ^^x{Ai) - J2i<n l^x{Ai)) = J2i^f^ fix{Ai) - 
lim„^oo Y^i<n ^J■x{Ai) = 0. Therefore, by definition, A is measurable and fJ,x{A) = lim„^oo ^J'x{[ji<n ^i)- 
In the case when the Ai are disjoint we have AiA'(Ui<n ^0 = J2i<n fJ-x{Ai), hence fJ.x{A) = J2ieN ^^x{Ai). 

a 

We will use the following lemma to apply the proposition. 

Lemma 3.8. Suppose that Ai C Bi C Xoo are stable. If J2ieN l^x{Bi) is convergent, then so is 
J2ieKf^x{A,). 

Proof. For some n, both Ai and Bi are stable of level n. We have 7r„(Ai) C 7r„(_Bi), hence by Lemma 
\2.8\ [Trn{Ai)] < [Kn{Bi)]. Therefore < fix{Ai) < fix{Bi), it follows from Lemma [2.171 that the sum is 
convergent. □ 

The following proposition shows that this definition generalizes the p-adic measure. 

Proposition 3.9. Let X — A|^. When A C X^o is measurable we have iJiHaar{A n Z^) = Cp{fix{A)). 

Proof. By definition, we have that Gpfix{A) = CpVanm^oa fJ'x{Am) ■ Since Cp is continuous, this equals 
linim^oo Cp fix{Am) = lim {Am n Zp). If we now can show that fj,Haar{{A A Am) n Z^) — > 

when m oo, then by standard measure theory it follows that limm^oo I^Haar{Am'^'Zp) ~ IJ-Haar{AC\'Lp), 
and we are done. 

Since {A A Am) nZ'^ c (IJ., C™) n Z'^ it suffices to show that Hm„,^oo tJ-Haar{Cr n Z'^) = 0. Now 
this equals liuim-^oo^iCp fj,x{Ci^). Using two times the fact that Cp is continuous, together with the 
assumption on the Ci gives that this equals Cp Hmm^oo J^i l^x{C^) = Cp = □ 

We next define the integrals of functions Xoo Ko(Varfe). 

Definition 3.10. Let the function f: X^o Ko(Varfe) have measurable fibers and the property that the 
sum X]aeK^(Varfc) MAr(/~^(a))a is convergent, (in particular it has only countably many nonzero terms). 
We then say that f is integrable and we define J fdfix to be the above limit. 
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If A C Xoo, let XA be the characteristic function of A and define fd^ix ■— J f ' XAdfJ-x- If X4 f'^l^x 
and Jg fd^x exists and A and B are disjoint then /^^^ fd^x exists and is equal to fdfix + Jg fd^x 
(By the definition, since limx„ + lim j/„ = lim(a;„ + ?/„) holds by definition of addition in ring of Cauchy 
sequences.) 

Proposition 3.11. Let X = A|^. If A C X^o is measurable and if f : Xoo Ko(Varfe) is integrahle, then 

Gp / fd^lx = / GpOfdflHaar- 

J A JAnz^ 
Proof. As we have set things up, this is straight forward: 

Gp fdfix^Gp V fixif^^anA)a 



aeKo(Varfc) 



= ^J■Haarif'^anAnZ'^)Gpa 
aGK^(Varfc) 

- J2 f^HaariiGp of)-\ fl A H Z^)r 

= / GpOfd^Haar- □ 

JAnz^ 

We illustrate this with an example: 

Example 3.12. Let X = K\ . Define the function |-| : Xoo ^ Ko(VarFp) as x ^ L^°'''*^. In a forthcom- 
ing paper [RokOSaj we will prove that 

j + iWx = 1 - [SpccFp[X]/(X2 + Kj;(VarFj. 

This integral has the property that for every power of p, Gq \X'^ + l\d^x — /w(f + l\pdX . 
So by computing the motivic integral we have simultaneously computed the corresponding integral over 
W(Fq), for every power of p. In this example, if p = 1 (mod 4) then —1 is a square in ¥p and hence 
¥p[X]/ {X^ + 1) = Fp. So jX^ + l\diix = 1 — lTT' ■''^o'^^'^fl ^^^^.t for every power of p we have 

/w(F,)l^' + lU^ = 

// instead p = 3 (mod 4) then —1 is a non-square in F^ and ¥p[X]/ (X'^ + 1) = Fp2. So {X"^ + 
l\diJ.x = 1 — [SpccFp2] j-q-j-, showing that 
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